For positive integers r, k 0 , k 1 , ..., k r−1 , the van der Waerden number w(k 0 , k 1 , ..., k r−1 ) is the least positive integer n such that whenever {1, 2, . . . , n} is partitioned into r sets S 0 , S 1 , ..., S r−1 , there is some i so that S i contains a k i -term arithmetic progression. We find several new exact values of w(k 0 , k 1 , ..., k r−1 ). In addition, for the situation in which only one value of k i differs from 2, we give a precise formula for the van der Waerden function (provided this one value of k i is not too small).
Introduction
A well-known theorem of van der Waerden [9] states that for any positive integers k and r, there exists a least positive integer, w(k; r), such that any r-coloring of [1, w(k; r)] = {1, 2, . . . , w(k; r)} must contain a monochromatic k-term arithmetic progression {x, x+d, x+ 2d, . . . , x + (k − 1)d}. Some equivalent forms of van der Waerden's theorem may be found in in [7] . It is easy to see that the existence of the van der Waerden numbers w(k; r) implies the existence of the (more general) van der Waerden numbers w(k 0 , k 1 , ..., k r−1 ; r) which are defined as follows. If the value of r is clear from the context, we will denote the van der Waerden number w(k 0 , k 1 , ..., k r−1 ; r) more simply by w(k 0 , k 1 , ..., k r−1 ).
Definition. Let k
For example, w(4, 4) = w(4, 4; 2) has the same meaning as the classical van der Waerden number w(4; 2); w (3, 3, 3, 3) has the same meaning as w(3; 4); and w (5, 4, 7; 3) = w (5, 4, 7) represents the least positive n such that every (red,blue,green)-coloring of [1, n] yields a red 5-term arithmetic progression, a blue 4-term arithmetic progression, or a green 7-term arithmetic progression.
The study of these "mixed" van der Waerden numbers apparently has received relatively little attention, especially when compared to, say, the classical (mixed) graph-theoretical Ramsey numbers R(k 1 , k 2 , ..., k r ). It is easy to calculate by hand that w(3, 3) = 9. Other non-trivial values of the van der Waerden numbers were published by Chvátal [4] , Brown [3] , Stevens and Shantaram [8] , Beeler and O'Neil [2] , and Beeler [1], in 1970, 1974, 1978, 1979, and 1983 , respectively.
The purpose of this note is to expand the table of known van der Waerden numbers. In Section 2, we present several new van der Waerden numbers. In Section 3, we give a formula for the van der Waerden numbers of the type w(k, 2, 2, ..., 2; r), i.e., where all but one of the k i 's equal 2, provided k is large enough in relation to r. To calculate most of the new van der Waerden numbers, we used a slightly modified version of the "culprit" algorithm, introduced in [2] . In certain instances, we used a very simple backtracking algorithm, which can be found in [8] . These, and a third algorithm, are also described in [7] . . We now describe all of these maximal-length valid colorings. For convenience, we will denote a coloring as a string of colors. For example, the coloring χ of [1, 5] such that χ(1) = χ(2) = 0 and χ(3) = χ(4) = χ(5) = 1, will be denoted by the string 00111. Further, a string of t ≥ 2 consecutive i's will be denoted by i t . Thus, for example, 0 2 1 3 represents 00111. In counting the number of valid colorings, we will consider two colorings to be the same if one can be obtained from the other by a renaming of the colors. For example, we consider 11001 and 00110 to be the same coloring of [1, 5] . where the only restriction on f , g, and h is that f and g are not both 0;
Some New Values
and the fifteen colorings obtained by reversal of the fifteen colorings described above. where ab = 00, cd = 00, b = 1, c = 2, and ad = 11; by reversal of these colorings, the other twenty-one colorings are obtained (note: of course, since k 2 = k 3 , interchanging of the colors 1 and 2 will not change the validity of any coloring, so we are not considering the forty-two valid colorings of [1, 79] Then the valid colorings of [1, 54] are: where a, b ∈ {1, 2}, and four others obtained by reversal. along with the reversals of the (twenty-one) colorings above.
w(6,
3, 2, 2): There are twenty-eight different (6, 3, 2, 2; 4)-valid colorings of [1,47
When All But One k i Equals 2
Consider w(k, 2, 2, ..., 2; r). For ease of notation, we will denote this function more simply as w 2 (k; r). We give an explicit formula for w 2 (k; r) provided k is large enough in relation to r.
We adopt the following notation. Let p 1 < p 2 < · · · be the sequence of primes. For r ≥ 2, denote by π(r) the number of primes not exceeding r, and denote by #r the product To show that rk is also a lower bound, we show that the following coloring of [1, rk − 1]: is valid:
Obviously, this coloring admits no 2-term monochromatic arithmetic progression having color other than 0. For a contradiction, assume there is a k-term arithmetic progression For a contradiction, assume h is (k, 2, 2, ..., 2; r)-valid. Note that |B i | ≤ k − 1 for 1 ≤ i ≤ r − 2, so that |B r | ≥ 1. Now, for each t, 1 ≤ t ≤ r − 1, since all primes p ≤ t do not divide k − 1 and since k is even, j k,t = 1. By the induction hypothesis, w 2 (k, t) ≤ t(k − 1) + 1, and therefore we may assume that h admits at least t + 1 colors within [1, t(k − 1) + 1] (or else h would not be valid). Thus, x t ≤ t(k − 1) + 1 for 1 ≤ t ≤ r − 1. By a symmetric argument (considering intervals of the form [(r − t)(k − 1) + 1, r(k − 1) + 1]), it follows that x t ≥ t(k − 1) + 1 for all t, 1 ≤ t ≤ r − 1. Hence for each t, 1 ≤ t ≤ r − 1, we have
We claim that S is monochromatic of color 0, the truth of which contradicts the assumption that h is (k, r)-valid.
. Hence, h(S) = 0, which completes the proof that r(k − 1) + 1 is an upper bound. 2, 2 , ..., 2; r)-valid, which establishes that r(k − 1) + 1 is also a lower bound. To see that this coloring is valid, note To complete the proof, we will show that, subject to the stated restrictions on k, the above coloring is the only valid r-coloring of [1, n] . The desired result then follows since the coloring clearly cannot be extended to a valid r-coloring of [1, n + 1].
Let τ : [1, n] → {0, 1, . . . , r − 1} be valid. We may assume that
Let b ≥ 1, t ≥ 2, and assume that b + t ≤ r. We show that there do not exist i 1 and i 2 such that
Let
We know that
Now consider the interval
We claim that |I| ≥ kt (for both Cases (i) and (ii)). Using (2), we see that
. Since k ≥ 2r − 3, the claim holds in Case (i) .
For Case (ii) we turn to a result of Jurkat and Richert [6] . Let C(r) be the length of the longest string of consecutive integers, each divisible by one of the first π(r) primes (this is a particular case of what is known as Jacobsthal's function). Jurkat and Richert showed that C(r) < (π(r)) 2 exp(log(π(r)) 13/14 ). (As an aside, better asymptotic bounds have been proved: Iwaniec [5] showed that C(r) π(r) 2 log 2 (π(r)).) Using the slightly weaker bound C(r) < π(r) 3 , we have that j < π(r) 3 . Hence, from (2) we see that |I| > kt
Having established that |I| ≥ kt, now assume, for a contradiction, that there exist i 1 and i 2 satisfying (1). Then there is some c, 0 ≤ c ≤ t − 1, so that no member of {y m , y m+1 , . . . , y m+t−1 } is congruent to c modulo t. Since {y m , y m+1 , . . . , y m+t−1 } are the only members of I not of color 0, the set {x ∈ I : x ≡ c (mod t)} is an arithmetic progression of length at least k and of color 0, a contradiction. Hence, (1) 
(IV) The proof is essentially the same as that for Part III, where we use the r-coloring 
Remarks.
It is easy to see that the converse of Part I is also true. It is also clear that, for any fixed r, the values of w 2 (k; r) given by the theorem may be expressed in terms of the residue classes of k modulo #r. This is convenient for small values of r. As examples, for k ≥ 4, we have w 2 (k; 3) = 3k if k ≡ ±1(mod 6), w 2 (k; 3) = 3k − 1 if k ≡ 3(mod 6), and w 2 (k; 3) = 3k − 2 otherwise; and, for k ≥ 5, we have w 2 (k; 4) = 4k − 3 if k ≡ 0 or 2 (mod 6), w 2 (k; 4) = 4k − 4 if k ≡ 3(mod 6), w 2 (k; 4) = 4k − 6 if k ≡ 4(mod 6) (the theorem gives this last equality only for k ≥ 16, but it is easy to show that it holds provided k ≥ 5), and w 2 (k; 4) = 4k otherwise. We believe that the restrictions on the magnitude of k (in relation to r) in Parts III.ii and IV.iii can be weakened substantially. We also would like to obtain precise formulas in the other cases, but with weaker restrictions on the magnitude of k.
